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We develop a complete Dirac’s canonical analysis for an alternative action that yields Maxwell’s
four-dimensional equations of motion. We study in detail the full symmetries of the action by
following all steps of Dirac’s method in order to obtain a detailed description of symmetries. Our
results indicate that such an action does not have the same symmetries than Maxwell theory, namely,
the model is not a gauge theory and the number of physical degrees of freedom are different.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
A dynamical system is characterized by means of its symmetries which constitute an important
information in both the classical and quantum context. The physics of the fundamental interactions
based on the standard model [1], is a relevant example where the symmetries of a dynamical system
just like gauge covariance, CPT invariance, the identification of the physical degrees of freedom
and conserved quantities are useful for understanding the classical and quantum formulation of
the theory. However, the Lagrangians studied in the standard model are singular systems and the
conventional Hamiltonian analysis, is not the correct way for studying them [2]. On the other hand,
it is well-known that the analysis of a dynamical system by means of its equations of motion implies
that the phase space is not endowed with a natural or preferred symplectic structure as it has been
claimed in [3, 4], and the freedom in the choice of the symplectic structure is an important issue
because could yield different quantum formulations. Hence, in spite of we have an infinity ways to
choose a symplectic structure for any system, the next question arises: are the symmetries of the
classical theory preserved in all different choices of the symplectic structure?, the answer in general
is not [5, 6]. In fact, we will show along this paper that the alternative action to conventional
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2Maxwell’s equations proposed in [7, 8] is not a gauge theory, is not invariant under parity symmetry
and the physical degrees of freedom are not those knew for the electromagnetic field. Thus, in the
study of the symmetries of a dynamical system must be taken into account an action principle plus
their equations of motion, because the action gives the equations of motion and additionally fixes
the symplectic structure of the theory [4].
The alternative action proposed in [7, 8] is a singular system, and this fact was ignored in those
works. Nevertheless, we shall perform our study in a different way, this is, we will develop a
complete Dirac’s canonical approach. This formalism is an elegant approach for obtaining the
relevant physical information of a theory under study, namely, the counting of physical degrees of
freedom, the gauge transformations, the study of the constraints, the extended Hamiltonian and the
extended action [2], being a relevant information because is the guideline to make the best progress
in the analysis of quantum aspects of the theory. All those facts will be explained along the paper.
II. HAMILTONIAN DYNAMICS FOR AN ALTERNATIVE ACTION DESCRIBING
MAXWELL’S EQUATIONS
The system that we shall study in this paper is given by the following action principle [7, 8]
S[Ei, Bi] =
1
8π
∫ [
Bi
(
1
c
∂tEi − ǫi
jk∂jBk
)
− Ei
(
1
c
∂tBi + ǫi
jk∂jEk
)]
dx4, (1)
where E and B represents the electric and magnetic fields and form a set of six dynamical variables.
By considering to Ei and Bj as our set of dynamical variables, the equations of motion obtained
from the action (1) are given by 

∂tEi = cǫi
jk∂jBk,
∂tBi = −cǫi
jk∂jEk,
(2)
which correspond to the half of Maxwell’s equations. In order to obtain the complete Maxwell
equations without sources, we observe that the fields should satisfy
∇ · E = 0,
∇ · B = 0, (3)
in our analysis we shall take into account the above equations. In [7, 8] the action (1) was proposed
as an alternative Lagrangian for describing the dynamics of the electromagnetic field, however, it is
easy to see that the action is neither Lorentz invariant nor invariant under parity symmetry; this
fact will be reflected in the hamiltonian analysis, in particular in the number of physical degrees of
freedom of the theory. Furthermore, we will show below that the action does not have the principal
symmetry knew for Maxwell theory namely, gauge invariance.
3For our aims, we identify from the action principle that the Hessian given by
Hij =
∂2L
∂(∂tEi)∂(∂tBj)
has entries zero, so the system under study is a singular theory. The Hessian has a rank=0, and
six null vectors. Therefore we expect six primary constraints. A pure Dirac’s analysis calls for the
definition of the momenta (ΠiE , P
i
M ) canonically conjugate to (Ei, Bi)
ΠiE =
∂L
∂(∂tEi)
=
1
8πc
Bi, (4)
P iM =
∂L
∂(∂tBi)
= −
1
8πc
Ei. (5)
where the following six primary constraints arise
ΦiE : Π
i
E −
1
8πc
Bi ≈ 0,
ΨjM : P
j
M +
1
8πc
Ej ≈ 0. (6)
In order to verify that the above constraints are the correct, we calculate the Jacobian among them
∂(ΦiE ,Ψ
j
M )
∂(Ei, Bj ,ΠiE , P
j
M )
=


0 0 0 − 18pic 0 0 1 0 0 0 0 0
0 0 0 0 − 18pic 0 0 1 0 0 0 0
0 0 0 0 0 − 18pic 0 0 1 0 0 0
1
8pic 0 0 0 0 0 0 0 0 1 0 0
0 18pic 0 0 0 0 0 0 0 0 1 0
0 0 18pic 0 0 0 0 0 0 0 0 1


,
we observe that the Jacobian has rank=6, and it is constant on the constraints surface. Therefore,
the primary constraints given in (6) are the set of correct primary constraints.
Now, the canonical Hamiltonian takes the form
Hc ≡
∫
Hcd
3x =
∫
[E˙iΠ
i
E + B˙iP
i
M − L]d
3x (7)
=
∫
[E˙i(
1
8πc
Bi) + B˙i(−
1
8πc
Ei)−
1
8πc
Bi∂tEi +
1
8πc
Biǫijk∂jBk
+
1
8πc
Ei∂tBi +
1
8πc
Eiǫijk∂jEk]d
3x
=
1
8π
∫
[Biǫijk∂jBk + Eiǫijk∂jEk]d
3x.
Hence, the primary Hamiltonian is given by
H1 = Hc +
∫
ui(x)Φ
i(x)d3x,
where ui are Lagrange multipliers enforcing the primary constraints.
In order to know if there are secondary constraints, we calculate the following matrix whose entries
4are the Poisson brackets among the primary constraints, this is

{
ΦiE(x),Φ
j
E(y)
}
= 0,{
ΨiM (x),Ψ
j
M (y)
}
= 0,{
ΦiE(x),Ψ
j
M (y)
}
= − 14picδ
ijδ(x− y),
So, the matrix acquires the form
W
µν =


{
Φ1E(x),Φ
1
E(y)
} {
Φ1E(x),Φ
2
E(y)
} {
Φ1E(x),Φ
3
E(y)
} {
Φ1E(x),Ψ
1
M (y)
} {
Φ1E(x),Ψ
2
M (y)
} {
Φ1E(x),Ψ
3
M (y)
}
{
Φ2E(x),Φ
1
E(y)
} {
Φ2E(x),Φ
2
E(y)
} {
Φ2E(x),Φ
3
E(y)
} {
Φ2E(x),Ψ
1
M (y)
} {
Φ2E(x),Ψ
2
M (y)
} {
Φ2E(x),Ψ
3
M (y)
}
{
Φ3E(x),Φ
1
E(y)
} {
Φ3E(x),Φ
2
E(y)
} {
Φ3E(x),Φ
3
E(y)
} {
Φ3E(x),Ψ
1
M (y)
} {
Φ3E(x),Ψ
2
M (y)
} {
Φ3E(x),Ψ
3
M (y)
}
{
Ψ1M (x),Φ
1
E(y)
} {
Ψ1M (x),Φ
2
E(y)
} {
Ψ1M (x),Φ
3
E(y)
} {
Ψ1M (x),Ψ
1
M (y)
} {
Ψ1M (x),Ψ
2
M (y)
} {
Ψ1M (x),Ψ
3
M (y)
}
{
Ψ2M (x),Φ
1
E(y)
} {
Ψ2M (x),Φ
2
E(y)
} {
Ψ2M (x),Φ
3
E(y)
} {
Ψ2M (x),Ψ
1
M (y)
} {
Ψ2M (x),Ψ
2
M (y)
} {
Ψ2M (x),Ψ
3
M (y)
}
{
Ψ3M (x),Φ
1
E(y)
} {
Ψ3M (x),Φ
2
E(y)
} {
Ψ3M (x),Φ
3
E(y)
} {
Ψ3M (x),Ψ
1
M (y)
} {
Ψ3M (x),Ψ
2
M (y)
} {
Ψ3M (x),Ψ
3
M (y)
}


,
=


0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


δ(x− y)
4πc
,
this matrix has rank=6 and zero null vectors, therefore this theory has not secondary constraints.
Because of we do not expect secondary constraints for this theory, the evolution in time of the
primary constraints will allow us to know the six Lagrange multiplies introduced above, this is
Φ˙nE(x) =
∫
d3y {ΦnE(x),Hc(y)}+
∫
d3yum(y) {Φ
n
E(x),Φ
m
M (y)} , (8)
=
1
8π
ǫijn∂jEi(x) +
1
8π
ǫijn∂jEi(x) −
1
4πc
un(x) ≈ 0,
hence,
ui(x) = cǫkji∂jEk(x) = −cǫi
jk∂jEk(x), (9)
and
Ψ˙mM (x) =
∫
d3y {ΨmM (x),Hc(y)} +
∫
d3yvn(y) {Ψ
m
M (x),Φ
n
E(y)} , (10)
=
1
8π
ǫijm∂jBi(x) +
1
8π
ǫijm∂jBi(x) +
1
4πc
vm(x) ≈ 0,
then
vi(x) = −cǫkji∂jBk(x) = cǫi
jk∂jBk(x), (11)
5thus, the six Lagrange multipliers have been identified.
We have observed that the complete set of constraints are given by (6), which are of second class.
In fact, we see that {
ΦiE(x),Φ
j
E(y)
}
= 0,{
ΦiM (x),Ψ
j
M (y)
}
= 0,{
ΦiE(x),Ψ
j
M (y)
}
= −
1
4πc
δijδ(x− y). (12)
With all those results at hand, we are able to calculate the physical degrees of freedom as follows;
there are 6 dynamical variables and 6 second class constraints, thus, there are three physical degrees
of freedom. However, we need to take into account the equations (3). For this aim, we observe that
the constraints (6) satisfy the following two reducibility conditions
∂iΦ
i
E = 0,
∂iΨ
i
M = 0. (13)
Therefore, reducibility conditions imply that there are [6−2] = 4 second class constraints, hence the
physical degrees of freedom are four. This result is expected because the action (1) is not invariant
under parity, therefore the degrees of freedom are distinguishable under parity, however, we know
that in the case of Maxwell theory, the action is invariant under parity and the degrees of freedom
are not distinguishable under parity. It is important to remark, that in spite of action (1) yields
Maxwell equations of motion, our results indicate that the action (1) does not describe the dynamics
of the electromagnetic field at all. In fact, it is well-know that Maxwell theory is a gauge theory and
has two physical degrees of freedom; on the other side, Eq. (1) is not a gauge theory and has four
physical degrees of freedom. In this manner, we confirm that a dynamical system should be defined
by means an action principle plus their equations of motion, and not only by means the equations
of motion. Our results obtained in this letter, show relevant differences among the action (1) and
conventional Maxwell action at classical level and of course, will be interesting research the quantum
differences among them as well, for this aim we will develop all the necessary tools in follow sections.
Because of there are second class constraints in the theory, we shall calculate the Dirac’s brackets.
Dirac’s brackets will be useful in order to study the observables, as well as, for performing the
quantization of the theory. Hence, Dirac’s brackets are defined by
{F (x), G(y)}D ≡ {F (x), G(y)} +
∫
d3zd3w{F (x), χα(z)}W−1αβ {χ
β(w), G(y)},
where W−1αβ is the inverse of the matrix W defined above, and χ
α = (ΦjE ,Ψ
i
M ) are the second class
constraints. Hence, we obtain the following Dirac’s brackets
{Ei(x),Π
j
E(y)}D = {Ei(x),Π
j
E(y)}+
∫
d3zd3w{Ei(x), χ
α(z)}W−1αβ {χ
β(w),ΠjE(y)}
= {Ei(x),Π
j
E(y)}
=
1
3
δ
j
i δ(x − y). (14)
6{Ei(x), B
j(y)}D = {Ei(x), B
j(y)} +
∫
d3zd3w{Ei(x), χ
α(z)}W−1αβ {χ
β(w), Bj(y)}
= 4πcδji δ(x− z). (15)
{∂iE
i(x), Bj(y)}D = {∂xiEi(x), B
j(y)}+
∫
d3zd3w{∂xiEi(x), χ
α(z)}W−1αβ {χ
β(w), Bj(y)}
= 4πc∂jδ(x− y). (16)
{Bi(x), P
j
M (y)}D = {Bi(x), P
j
M (y)}+
∫
d3zd3w{Bi(x), χ
α(z)}W−1αβ {χ
β(w), P jM (y)}
= {Bi(x), P
j
M (y)}
=
1
3
δ
j
i δ(x− y). (17)
{∂iΠ
i
E(x), Bj(y)}D = {∂iΠ
i
E(x), Bj(y)} + {∂iΠ
i
E(x), χ
α(z)}W−1αβ {χ
β(w), Bj(y)j}
= ∂i{Π
i
E(x), Bj(y)} + {∂iΠ
i
E(x),Ψ
i
M (z)}W
−1
ij {Ψ
j
M (w), Bj(y)j} = 0. (18)
{∂iP
i
M (x), Ej(y)}D = {∂iP
i
M (x), Ej(y)} + {∂iP
i
M (x), χ
α(z)}W−1αβ {χ
β(w), Ej(y)j}
= ∂i{P
i
M (x), Ej(y)} + {∂iΠ
i
E(x),Φ
i
E(z)}W
−1
ij {Φ
j
E(w), Ej(y)j} = 0. (19)
We finish our analysis by calculating the extended action and the extended Hamiltonian. For this
aim, we use the Lagrange multipliers found in (9) and (11), and we find
SE [Aµ, π
µ, λj , ui] =
∫
d4x[ΠiEE˙i + P
i
M B˙i −
1
8π
[Biǫijk∂jBk + Eiǫijk∂jEk]
− uiΨ
i − viΦ
i − uiΨ
i − viΦ
i]
=
∫
d4x[ΠiEE˙i + P
i
M B˙i − [cΠ
i
Eǫijk∂jBk − cP
i
M ǫijk∂jEk]− uiΨ
i − viΦ
i](20)
where we can identify the extended Hamiltonian given by
HE =
∫
d3x
(
cΠiEǫijk∂jBk − cP
i
M ǫijk∂jEk
)
. (21)
It is easy to see that HE is of first class. In fact, we have
{ΦiE, HE} = cǫ
ij
l∂jΨ
l ≈ 0,
{ΨiM , HE} = −cǫ
ij
l∂jΦ
l ≈ 0. (22)
On the other hand, by using the equations (15)-(20) we observe that the Dirac’s bracket among HE
and the second class constraints vanish, therefore HE is an observable.
7From the extended action we calculate the following variations
δSE =
∫
d4x[δΠiEE˙i +Π
i
EδE˙i + P
i
MδB˙i + δP
i
MδB˙i − cδΠ
i
Eǫijk∂jBk − cΠ
i
Eǫijk∂jδBk]
+ cδP iM ǫijk∂jEk + cP
i
M ǫijk∂jδEk − δuiΨ
i − δviΦ
i],
=
∫
d4x[δΠiE∂tEi + ∂t(Π
i
EδEi)− δEi∂tΠ
i
E + ∂t(P
i
M δBi)− δBi∂tP
i
M + δP
i
M∂tBi
− cδΠiEǫijk∂jBk]− cǫijk∂j(Π
i
EδBk) + cǫijkδBk∂jΠ
i
E + cδP
i
M ǫijk∂jEk + cǫijk∂j(δP
i
MEk)
− cǫijkδEk∂jP
i
M − δuiΨ
i − δviΦ
i]
=
∫
d4x[(∂tEi − cǫijk∂jBk)δΠ
i
E − (∂tΠ
i
E + cǫkji∂jP
k
M )δEi − (∂tP
i
M − cǫkji∂jΠ
k
E)δBi]
+ (∂tBi + cǫijk∂jEk)δP
i
M − δuiΨ
i − δviΦ
i], (23)
where the following equations of motion rise
δEi : ∂tΠ
i
E = cǫijk∂jP
k
M ,
δBi : ∂tP
i
M = −cǫijk∂jΠ
k
E ,
δΠiE : ∂tEi = cǫijk∂jBk,
δP iM : ∂tBi = −cǫijk∂jEk,
δui : Ψ
i ≈ 0,
δvi : Φ
i ≈ 0. (24)
It is important to remark, that the above equations of motion were not obtained in [7, 8]. In fact,
in those works it was ignored that Eq. (1) is a singular system and it was defined a dynamical
system by using the equations of motion, then, the system was treated as a non-singular system,
however, we have showed that Eq. (1) does not describes Maxwell theory. On the other hand,
the Hamiltonian found in [7, 8] is not equivalent to Eq. (21), the Hamiltonian found in this work
by following Dirac’s method is of first class, and the dynamics of the system is carry out on the
constraints surface defined on the full phase space. Nevertheless, in [7, 8] is not possible to talk
about first class or second class constraints and the dynamics of the system is carry out on the full
phase space, but we have showed that this is not possible because Eq. (1) is singular.
III. A QUANTUM STATE OF ZERO ENERGY
In order to observe differences among the Eq.(1) and conventional Maxwell theory at quantum
level, we will calculate a quantum state of zero energy for the Hamiltonian (21). For this aim, we
identify the following classical-quantum correspondence for the canonical momentum ΠiE → −i
δ
δEi
and P iM → −i
δ
δBi
for the magnetic field. Hence(
Êi(x)ψ (E,B)
)
= Êiψ(E,B),
(
B̂i(x)ψ (E,B)
)
= B̂iψ(E,B),(
Π̂iE(x)ψ (E,B)
)
= −i
δψ(E,B)
δEi
,
(
P̂ iM (x)ψ (E,B)
)
= −i
δψ(E,B)
δBi
, (25)
8where ψ(E,B) is an arbitrary function of the fields E, B and represents a quantum state. By using
the above correspondence, the classical-quantum representation of the Hamiltonian (21) is given by
Ĥ =
∫ (
−icǫi
jk∂jBk
δ
δEi
+ icǫi
jk∂jEk
δ
δBi
)
, (26)
the representation of the vacuum for the theory will correspond to an eigenfunction of zero energy
for the Hamiltonian Ĥ determined by
Ĥψ(E,B) = 0. (27)
Hence, the function that solves exactly Eq. (27) is given by
ψ(E,B) = eαI(E,B), (28)
where α is a constant and
I(E,B) =
1
2
∫ (
ǫijkEi∂jEk + ǫ
ijkBi∂jBk
)
dx3. (29)
Some remarks are important to comment; the wave function given in (28) does not correspond the
Chern-Simons state known for Maxwell theory, because the dynamical variable is the connexion.
In fact, it is well-known that in Maxwell theory, the wave function that solves the Hamiltonian for
the vacuum is given for the Chern-Simos state for the connexion A, therefore, with this result we
confirm that at quantum level, the action given in Eq.(1) does not describes the electromagnetic
field. Furthermore, the expression (29) can be written as
I(E,B) =
1
4
∫ (
ǫijkEiRjk + ǫ
ijkBiΥjk
)
, (30)
where Rjk = ∂iEj − ∂jEi and Υjk = ∂iBj − ∂jBi are some like curvatures of the field E and B
respectively. Hence, it is straightforward to show that I(E,B) is invariant under changing
Ei → Ei + ∂iθ,
Bi → Bi + ∂iθ,
(31)
therefore, I(E,B) is a composition of Chern-Simons terms associated for the fields E and B. Finally,
it is easy to show that Eq.(29) viewed as a field theory is topological one and diffeomorphism
covariant, thus, while in the action (1) the fields E and B are not gauge fields, for I(E,B) they
are. In this manner, the state (28) is not physically accepted for the theory. Of course, will be
interesting to perform the path integral quantization of the action (28) in order to obtain a better
understanding of the quantization of the system. All these ideas are in progress and will be reported
in forthcoming works.
IV. CONCLUDING REMARKS
In this paper, we have performed a complete Dirac’s analysis for an action yielding Maxwell’s
equations of motion. In our analysis we found that although the non conventional action yields
9the same equations of motion than Maxwell theory, its symmetries are not those associated to the
electromagnetic field. The theory studied is not a gauge theory and does not have the same number
of degrees of freedom. In this manner, we need to be careful for defining a dynamical system. If
we define a system by using only the equations of motion, we are in the situation that an infinity
number of Hamiltonian structures can bee defined for the same system, however, this fact presents
a problem because by changing the hamiltonian structure, we could obtain several actions yielding
the same equations of motion, but the symmetries of the theory can be lost, such as it was presented
in the analysis developed along this paper. Therefore, in order to know the symmetries, a dynamical
system must be defined by means of an action principle, because the action contains the relevant
information and symmetries of the theory.
It is important to remark that similar results will be found if the canonical analysis is performed for
the case of an action close to linearized gravity. In fact, in [7, 8] is proposed an action with similar
structure than (1)
S[Eij , Bij ] =
∫ [
Bij
(
1
c
∂tEij − ǫi
kl∂kBlj
)
− Eij
(
1
c
∂tBij + ǫi
kl∂kElj
)]
d4x, (32)
where Eij and Bij are related with the components of the curvature tensor corresponding to the
perturbed metric (see [7, 8] for full details). However, from the analysis performed in this paper, we
will found that the action (32) does not describe the dynamics of the linearized gravity theory; the
principal symmetry as gauge invariance is lost and the number of physical degrees of freedom do
not correspond to those found in linearized gravity [9]. Finally, in [10] can be found an alternative
hamiltonian description of gravity, however, in that work the analysis was performed in the same
way than [7, 8], this is, defining a dynamical system by means its equations of motion, hence the
symmetries well-knew in gravity are lost.
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